
REGULAR ARTICLE

Short- and long-range behavior of the inner and outer densities

Toshikatsu Koga Æ Hisashi Matsuyama

Received: 3 August 2008 / Accepted: 5 August 2008 / Published online: 3 September 2008

� Springer-Verlag 2008

Abstract We report the short- and long-range behavior of

the inner q\ðrÞ and outer q[ ðrÞ densities, which result

from a rigorous partitioning of the spherically averaged

one-electron density qðrÞ in many-electron atoms. It is

found that for a small r, q\ðrÞ has one-electron nature but

q[ ðrÞ has two-electron nature. For a large r, however, the

opposite is true.
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1 Introduction

In recent articles [1, 2] published in this Journal, it was

found that the spherically averaged one-electron density

qðrÞ in many-electron atoms is rigorously separated into

the inner q\ðrÞ and outer q[ ðrÞ densities. The density

qðrÞ simply means the probability density of finding an

electron at a radius r, but the inner density q\ðrÞ represents

the probability density that one electron moves with a

radius r which is smaller than the radius of the other

electrons and the outer density q[ ðrÞ is the probability

density for the opposite situation. The inner and outer

densities, multiplied by 4pr2; were examined [1, 3] for

some ground- and excited-state atoms. In an article [1], it

was noted without detailed mathematical analyses that

when the radius r tends to zero, the inner density q\ðrÞ
approaches the total density qðrÞ while the outer density

q[ ðrÞ becomes zero. Also mentioned is that q[ ðrÞ tends

to qðrÞ whereas q\ðrÞ becomes zero, when r goes to

infinity.

In the present study, we report the small- and large-r

asymptotic behavior of the inner and outer density func-

tions. The results confirm the literature statements [1].

Furthermore, it will be found that for a small r, the inner

density q\ðrÞ has one-electron nature, but the outer density

q[ ðrÞ has two-electron nature; the small-r behavior of

q\ðrÞ depends on the one-electron density qðrÞ and its

derivatives at the origin whereas that of q[ ðrÞ is inti-

mately related with the two-electron density q2ðr1; r2Þ and

its derivatives at the origin. For a large r, on the contrary,

q\ðrÞ has two-electron nature but q[ ðrÞ has one-electron

nature; the exponential decay of the correct q\ðrÞ depends

on the first two ionization potentials whereas that of the

correct q[ ðrÞ on the first ionization potential only.

2 Definitions

For an N-electron atom ðN� 2Þ described by a normalized,

antisymmetric wave function Wðx1; . . .; xNÞ; the spherically

averaged one-electron qðrÞ and two-electron q2ðr1; r2Þ
density functions are defined by

qðrÞ ¼ N

4p

Z
dX ds dx2 � � � dxN jW x; x2; � � � ; xNð Þj2; ð1aÞ

q2 r1; r2ð Þ ¼ NðN � 1Þ
2ð4pÞ2

�
Z

dX1 ds1 dX2 ds2 dx3 � � � dxN jW x1; x2; . . .; xNð Þj2; ð1bÞ

where xi ¼ ðri; siÞ is the combined position-spin coordinate

of the electron i and ðri;XiÞ are polar coordinates of the
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vector ri: The densities qðrÞ and q2ðr1; r2Þ are normalized

to N and NðN � 1Þ=2; respectively.

In terms of q2ðr1; r2Þ; the one-electron density function

qðrÞ and its inner q\ðrÞ and outer q[ ðrÞ components [1]

are written as

qðrÞ ¼ C

Z1

0

dr2 r2
2 q2 r; r2ð Þ ¼ q\ðrÞ þ q[ ðrÞ; ð2aÞ

q\ðrÞ ¼ C

Z1

r

dr2 r2
2 q2 r; r2ð Þ; ð2bÞ

q[ ðrÞ ¼ C

Zr

0

dr2 r2
2 q2 r; r2ð Þ; ð2cÞ

where C ¼ ð8pÞ=ðN � 1Þ: Both the inner and outer densi-

ties are normalized to N/2.

3 Short- and long-range behavior of the inner and

outer densities

3.1 Short-range behavior

We assume that all the density functions introduced above

are continuous and infinitely differentiable. We then apply

the Maclaurin expansion

f ðrÞ ¼
X1
n¼0

f ðnÞð0Þ
n!

rn ð3Þ

to the three densities q(r), q\ (r), and q[ (r), where

f ðnÞðrÞ ¼ dnf ðrÞ=drn:

Straightforward differentiations of Eqs. (2a)–(2c) give

after some manipulation that the nth derivatives of q(r),

q\ (r), and q[ (r) are

qðnÞðrÞ ¼ C

Z1

0

dr2 r2
2 q½n;0�2 r; r2ð Þ; ð4aÞ

qðnÞ\ ðrÞ

¼ C

Z1

r

dr2 r2
2 q½n;0�2 r; r2ð Þ �

Xn�1

k¼0

dk

drk
r2q½n�k�1;0�

2 ðr; rÞ
h i8<

:
9=
;;

ð4bÞ

qðnÞ[ ðrÞ

¼ C

Zr

0

dr2 r2
2 q½n;0�2 r; r2ð Þ þ

Xn�1

k¼0

dk

drk
r2q½n�k�1;0�

2 ðr; rÞ
h i8<

:
9=
;;

ð4cÞ

where q½m;n�2 r1; r2ð Þ ¼ omþnq2 r1; r2ð Þ=orm
1 orn

2: If n = 0, the

second terms in the braces of Eqs. 4b and 4c do not appear.

We then have

qðnÞ\ ð0Þ ¼ qðnÞð0Þ; qðnÞ[ ð0Þ ¼ 0; ð5aÞ

for n = 0, 1, 2 and

qðnÞ\ ð0Þ ¼ qðnÞð0Þ � CAn; qðnÞ[ ð0Þ ¼ CAn; ð5bÞ

for n� 3; where

An ¼
Xn�1

k¼2

kðk � 1Þ
Xk�2

l¼0

k � 2

l

� �
q½n�kþl�1;k�l�2�

2 ð0; 0Þ:

ð5cÞ

The first three values of An are

A3 ¼ 2q2ð0; 0Þ; ð6aÞ

A4 ¼ 14q½1;0�2 ð0; 0Þ; ð6bÞ

A5 ¼ 32q½2;0�2 ð0; 0Þ þ 30q½1;1�2 ð0; 0Þ; ð6cÞ

where we have used the fact that q½m;n�2 ð0; 0Þ ¼ q½n;m�2 ð0; 0Þ:
The short-range behaviors of the inner q\ðrÞ and outer

q[ ðrÞ densities are now explicitly obtained as

q\ðrÞ ¼ qð0Þ þ qð1Þð0Þr þ qð2Þð0Þ
2

r2 þ Oðr3Þ; ð7aÞ

q[ ðrÞ ¼
C

3
q2ð0; 0Þr3 þ 7q½1;0�2 ð0; 0Þ

4
r4

" #
þ Oðr5Þ; ð7bÞ

in terms of the two basic density functions qðrÞ and

q2ðr1; r2Þ: The results confirm the literature statement [1]

that q\ðrÞ ! qðrÞ and q[ ðrÞ ! 0 when r ? 0.

Equation 7a implies that for a small r, the inner

density q\ðrÞ is identical with the usual one-electron

density qðrÞ to the order of r2: In other words, q\ðrÞ has

one-electron nature for r � 1: If qðrÞ has a cusp prop-

erty, q\ðrÞ also has exactly the same cusp property.

Namely,

qð1Þ\ ð0Þ=q\ð0Þ ¼ qð1Þð0Þ=qð0Þ; ð8aÞ

which is valid for any approximate and exact wave func-

tions. If the correct cusp condition [4, 5] is satisfied, the

ratio in Eq. 8a is equal to -2Z where Z is the nuclear

charge.

On the other hand, Eq. 7b shows that the leading term of

the outer density q[ ðrÞ is proportional to r3. Moreover, the

expansion coefficients of the first two terms explicitly

depend on the two-electron density q2ðr1; r2Þ and its first

derivative q½1;0�2 ðr1; r2Þ at the origin r1 ¼ r2 ¼ 0: The short-

range behavior of the outer density q[ ðrÞ reveals two-

electron nature. We obtain a relation
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qð4Þ[ ð0Þ
4!

" #,
qð3Þ[ ð0Þ

3!

" #
¼ 7

4

q½1;0�2 ð0; 0Þ
q2ð0; 0Þ

¼ 7

8

qð1Þ2 ð0; 0Þ
q2ð0; 0Þ

;

ð8bÞ

for any approximate and exact wave functions, where

qð1Þ2 ðr; rÞ ¼ dq2ðr; rÞ=dr: When the Bingel expansion [6]

of wave functions is applied, we find that for r � 1; the

diagonal function q2ðr; rÞ has the same behavior as

the electron–electron coalescence function [7] h0ðrÞ: The

latter function shows [7] a cusp property h
ð1Þ
0 ð0Þ=h0ð0Þ ¼

�4Z at least for the exact and Hartree–Fock wave func-

tions, where h
ð1Þ
0 ðrÞ ¼ dh0ðrÞ=dr: For wave functions with

the correct cusp property, the ratio in Eq. 8b is evaluated

to be �7Z=2:

3.2 Long-range behavior

Ahlrichs and coworkers reported [8] that for a large r, a

general form of the asymptotically dominant exponential

part of q2ðr1; r2Þ is

q2ðr1; r2Þ � exp �2
ffiffiffiffiffiffiffi
2e1

p
r1 þ

ffiffiffiffiffiffiffi
2e2

p
r2

� �h i

þ exp �2
ffiffiffiffiffiffiffi
2e1

p
r1 þ

ffiffiffiffiffiffiffi
2e2

p
r2

� �h i
; ð9Þ

where e1 and e2 (e1 \ e2) are the first and second ionization

potentials, respectively. The pre-exponential part is not

considered. If Eq. 9 is combined with Eqs. 2a–2c, the

dominant exponential decays of the three densities q(r),

q\(r) and q[(r) for a large r are obtained as

qðrÞ � exp �2
ffiffiffiffiffiffiffi
2e1

p
r

� �
; ð10aÞ

q\ðrÞ � exp �2
ffiffiffiffiffiffiffi
2e1

p
þ

ffiffiffiffiffiffiffi
2e2

p� �
r

h i
; ð10bÞ

q[ ðrÞ � exp �2
ffiffiffiffiffiffiffi
2e1

p
r

� �
; ð10cÞ

where the first relation was known in [8, 9]. Equa-

tions 10a–10c confirm the statement in [1] that q[ ðrÞ !
qðrÞ and q\ðrÞ ! 0 when r ? ?: for a large r, the

outer density q[ ðrÞ has the same exponential decay as

qðrÞ: On the other hand, the inner density q\ðrÞ has a

faster decay than q[ ðrÞ and qðrÞ by an exponential

factor of exp �2
ffiffiffiffiffiffiffi
2e2

p
r

� �
: Moreover, we find the long-

range behavior of the outer q[ ðrÞ and total qðrÞ den-

sities is related with the one-electron removal, while that

of the inner density q\ðrÞ with the two-electron

removal.

The above results apply to the exact or correct large-r

wave functions, and not to commonly used approximate

wave functions with no special constraints. However,

we anticipate that approximate wave functions also

show a faster decay of q\ðrÞ than q[ ðrÞ and qðrÞ for a

large r.

4 Simple illustration

We wish to illustrate the present results in a simple yet

analytical manner, but we do not know analytical wave

functions which have both the correct cusp and long-range

properties simultaneously. Thus, we here use the Kellner

approximation [10] for the He atom to show the equalities

given in Eqs. 8a and 8b and the faster decay of q\ðrÞ for a

large r.

In the Kellner approximation, the wave function for the

ground-state He atom is

W x1; x2ð Þ ¼ f3=p
� �

exp �f r1 þ r2ð Þ½ �
� aðs1Þbðs2Þ � bðs1Þaðs2Þ½ �=

ffiffiffi
2
p

; ð11Þ

where the variationally optimum value of the parameter f is

27/16. Based on the definitions of the density functions, we

analytically obtain q2ðr1; r2Þ ¼ ðf3=pÞ2 exp½�2fðr1 þ r2Þ�
and

qðrÞ ¼ ð2f3=pÞ expð�2frÞ; ð12aÞ

q\ðrÞ ¼ ð2f3=pÞ expð�4frÞ½1þ 2frð1þ frÞ�; ð12bÞ

q[ ðrÞ ¼ ð2f3=pÞ expð�4frÞ½�1þ expð2frÞ
� 2frð1þ frÞ�: ð12cÞ

For r � 1; the short-range behavior of the densities is then

found to be

qðrÞ ¼ q\ðrÞ ¼ 2f3=p
� �

1� 2fr þ 2f2r2
� �

þ O r3
� �

;

ð13aÞ

q[ ðrÞ ¼ 8f6=ð3pÞ
� 	

r3 � ð7f=2Þr4
� 	

þ O r5
� �

ð13bÞ

and hence qð0Þ[ ð0Þ ¼ qð1Þ[ ð0Þ ¼ qð2Þ[ ð0Þ ¼ 0: We indeed

observe the relations qð1Þð0Þ=qð0Þ ¼ qð1Þ\ ð0Þ=q\ð0Þ and

qð4Þ[ ð0Þ=4!
h i

= qð3Þ[ ð0Þ=3!
h i

¼ 7q½1;0�2 ð0; 0Þ
h i

= 4q2ð0; 0Þ½ �: In

the present approximation, these ratios are �2f and

�7f=2; respectively. For r � 1; on the other hand, the

long-range behavior is

qðrÞ � q[ ðrÞ � expð�2frÞ; ð14aÞ
q\ðrÞ � expð�4frÞ; ð14bÞ

and the inner density has a faster decay by a factor of

expð�2frÞ:

5 Summary

We have reported the short- and long-range behavior of the

inner q\ðrÞ and outer q[ ðrÞ densities of many-electron

atoms in an analytical manner. Despite that q\ðrÞ and

q[ ðrÞ are components of the one-electron density qðrÞ; it

has been found that q[ ðrÞ for a small r and q\ðrÞ for a large

r have two-electron nature.
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